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Abstract. We study a class of third order hyperbolic operators P in G — {(t, x) : < t < T, x € 
U CC R n } with triple characteristics on t = 0. We consider the case when the fundamental matrix 
of the principal symbol of P for t = has a couple of non- vanishing real eigenvalues. Such operators 
are called effectively hyperbolic. V. Ivrii introduced the conjecture that every effectively hyperbolic 
operator is strongly hyperbolic, that is the Cauchy problem for P + Q is locally well posed for 
any lower order terms Q. This conjecture has been solved for operators having at most double 
characteristics. A strongly hyperbolic operator in G could have triple characteristics in G only for 
t = or for t — T. We prove that the operators in our class are strongly hyperbolic if T is small 
enough. Our proof is based on energy estimates with a loss of regularity. 
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1. Introduction 
1.1. Introduction and main result. Consider a differential operator 

P(t,x,D t ,D x ) = Y, c aA^ x ) D ? D x, A = -idt,D Xj = -id Xj (1.1) 

a+\0\<m 

of order m with C°° coefficients c a p(t,x), t £ R, x G R n . Denote by 

Pm(t,x,T,£) = Y c ^(t,x)r a ^ 

a+\(3\=m 
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the principal symbol of P. We assume that c m o(t,x) ^ for all (t,x). Let Q, C M. n+1 be an open 
set and let 

n~ = n n {t < rj}, n+ = n n {t > r?}, g = n n {o < t < t}. 

Set P m (t, x, D t , D x ) = p m (t, x, D t , D x ). 
Definition 1.1. We say that the Cauchy problem 

Pu = /inOn{t <T}, suppwCG (1.2) 

is well posed in G if 

(i) (existence) for every f G Cg°(fi), supp/ C 0,q there exists a solution u G T>'(Q) satisfying (II. 2p . 

(ii) (uniqueness) if u G T)'(Q) satisfies (|1.2|) . then for every s,0 < s < T, if Pu = in £lj , then 
u = in Q~ . 

A necessary condition for the well posedeness of the Cauchy problem (WPC) is the hyperbolicity 
of the operator P in G (see [7] and the references cited there). This means that for every (to, xq, £) G 
GxR"\ {0} the equation 

p m (t ,x ,T,£) = (1.3) 
with respect to r has only real roots r = \j(to, xo, £). 

Definition 1.2. We say that the operator P with principal symbol p m is strongly hyperbolic in 
G if for every point zq = (to,xo) G G there exists a neighborhood U of zq and Tq > (Tq < 
T if to = T and Tq = if t$ = 0) such that the Cauchy problem f) 1 . 2 j) for the operator L = 
P m (t,x, D t , D x ) + Q m -i(t,x,Dt,D x ) is well posed in Uf for every Tq < s < T(U) and for any 
operator Q m -\(t, x, Dt, D x ) of order less or equal to m — 1. 

When P is strictly hyperbolic, that is when the equation fjl .3 j) has simple roots Xj(t, x,£) with 
respect to the variable r for all (t,x,£) G G x M. \ {0}, it is a classical result that P is strongly 
hyperbolic. If the equation (jl.3|) has real roots with constant multiplicity for (t, x, () G GxR* i \{0}, 
the operator P is strongly hyperbolic if and only if it is strictly hyperbolic. Thus in the case of 
roots with constant multiplicity — greater than 1 — we must impose conditions on the lower order 
terms Q m _i, called Levi conditions, in order that the Cauchy problem be well posed. The analysis 
of the Cauchy problem for such operators is complete and we know the necessary [4] and sufficient 
[3 J conditions for (WPC). 

Passing to the case when the roots of (II. 3j) have variable multiplicity, notice that the roots 
Xj(t, x,£) in general are not smooth but only continuous. The case of operators with constant 
coefficients is also completely examined and P is strongly hyperbolic if and only if P is strictly 
hyperbolic. The necessary and sufficient condition of Garding for (WPC) says that there exists a 
constant c > such that for the full symbol p(r, £) of P we have 

p( T , f ) ^ 0, for |Im r| > c, V£ G R n \ {0}. 

In the following we switch to a different notation for the sake of simplicity and denote t = 
xq, x = (xq,xi, ...,x n ) G M n+1 . The dual variables are denoted by £ = (£o>£i) •••)£n) = (£o>£')- 
Given a symbol p(x,£ > ), let 

E(p) = {z G T*G \ {0} : p(z) = 0}, Ei(p) = {z G T*(G) \ {0} : p(z) = 0, dp{z) = 0}. 

In the case T,i(p m ) = 0, the operator is of principal type and a hyperbolic operator P in G is 
strongly hyperbolic (see Section 23.4 in [6]). 
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Passing to the case £x(Pm) 7^ 0, notice that if we have a critical point G Hi{p), then the 

Hamiltonian system 

dx a a 
as as 

has a stationary point and it is natural to consider the differential of the Hamilton vector field. 
Thus we are led to define the fundamental matrix 



-p x ,x(.x,i) -p x ,e(£,i), 

We recall two important properties of F p (see [7], [5]): 

1. For every point z G the Hessian Q p (X,Y), X,Y G T Z (T*(G)) at z of | is well 
defined. Then Q P (X, Y) = a(X, F p (z)Y), a being the symplectic form on T*(G). Thus 
after a canonical transformation the fundamental matrix is transformed into a similar one 
and its eigenvalues are invariant under canonical transformations. Hormander [5] called 
F p (z) the Hamilton map of Q p . 

2. If P is hyperbolic in G and is a critical point of p m (x,£), then F Pm (x,£) has at most 
two non-vanishing real simple eigenvalues \i and —jx and all other eigenvalues \ij are purely 
imaginary, that is Re fij = 0. 

The existence of non- vanishing real eigenvalues of F Pm (x,£) is a necessary condition for strong 
hyperbolicity. More precisely, let p m -i(x,£) = Y^\ a \=m-i c a( x )t, a and let 



p' m -i(x,t) =Pm-i(x,£) + - 22 q Z \ x ^) 

j=Q 1 ^ 

be the subprincipal symbol of P which is invariantly defined for (x,£) G Si(p m ). Then we have the 
following 

Theorem 1.1 (Theorem 3 and Corollary 3 in [7J). If P is strongly hyperbolic in G, then at every 
point G Si(p m ) the fundamental matrix F Pm (x,^) has two non-vanishing real eigenvalues. 

o 

Moreover, for (x,£') G G x (M n \{0}) i/ie multiplicities of the roots of (1) are not greater than two, 
and for (x, £') G {zo = 0} x K" \ {0} or for (x, £') G {xo = T}xl n \ {0} i/iese multiplicities are not 
greater than three. If F Pm (x, £) has only purely imaginary eigenvalues, the condition lmp' m _ 1 (x, £) = 
is necessary for (WPC). 

If F Pm (x,£) has only purely imaginary eigenvalues, for (WCP) we have a second necessary 
condition 

j 2n+2 

|Rej4_i(<E,Dl <^ N> 

j=0 

fij being the eigenvalues of F Pm (x,£) repeated according to their multiplicities. This condition has 
been proved in [7j in some special cases concerning the structure of F Pm (x,£) and without any 
restriction by Hormander [5]. 

Definition 1.3. A hyperbolic operator with principal symbol p m (x , £) will be called effectively hy- 
perbolic if at every point (x,£) G Si(p m ), the fundamental matrix F Pm (x,^) has two non-vanishing 
real eigenvalues. 
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V. Ivrii introduced the following 

Conjecture. A hyperbolic operator is strongly hyperbolic if and only if it is effectively hyper- 
bolic. 

For operators with at most double characteristics the sufficient part of the above conjecture 
has been established for some special class of effectively operators by Oleinik [15] . Hormander [5], 
Ivrii [8J, Melrose [UJ and in the general case by N. Iwasaki [S], [TO] and T. Nishitani [12], [13], Q3]. 
In particular, in the works of Nishitani many properties of effectively hyperbolic operators with 
double characteristics have been established. An important phenomenon for this class of operators 
is that we have always a loss of regularity which depends on the fraction of the subprincipal symbol 
and the non- vanishing real eigenvalue of F Pm at double characteristic points (see Theorem 3 in [7] 
for a necessary condition and (ll.7p below). 

However according to Theorem 11.1] there are also classes of effectively hyperbolic operators 
with characteristics of multiplicity 3 which should be strongly hyperbolic. To our best knowledge, 
in the literature there are no examples of operators with triple characteristics which are strongly 
hyperbolic. The analysis of operators with double characteristics is fairly complete and over the last 
30 years a lot of works treating both the effectively hyperbolic and the non-effectively hyperbolic 
operators has appeared. 

The purpose of the present paper is to show that a class of third order weakly hyperbolic 
operators of the form (|l.ip are strongly hyperbolic if their principal symbol has roots of multiplicity 
3 on the points on the surface t = 0, where the Cauchy data are assigned and, moreover, if the 
Hamilton map F P3 associated to the principal symbol p% on such points has two real non-vanishing 
eigenvalues in its spectrum. According to Theorem 1.1, a strongly hyperbolic operator may have 
triple characteristics only for t = or t = T and in this paper we deal with the case when this 
happens for t = 

An example of "constant coefficients" model for such a class is the operator 

P(t,D t , D x ) = D$ + t ai {D x )D 2 t - ta 2 (D x )D t + t 2 a 3 (D x ) + b 2 (D x ). (1.4) 

Here aj(D x ) denotes an operator with constant coefficients in the space variables x of order j, 
j = 1,2,3, while 02{D X ) is a second order operator. The coefficients t and t 2 in front of ai,a 2 and 
a 3 are not a restriction as our argument in Section 2 shows. 

It is easy to see that the operator P is effectively hyperbolic if the symbol (12(C) is elliptic 
and positive, i.e. 02(C) > C IC| 2 > c > 0. Then the Hamilton map Fpo. of p% has two real eigenval- 
ues ±02 (C) 7^ 0. Finally, by hyperbolicity, the symbols ai(C) and 03(C) must be real. In p] we 
investigated the operator (II. 4p and we proved that it is strongly hyperbolic with a loss of regular- 
ity related to sup^| =1 | ^2 (g)^ I ' ^ course > f° r this example we may apply the Fourier transform 
with respect to x, but, to obtain a suitable a priori estimate, we need to work with a weight 
f-** = (f/3 + (0~ 2/3 )~ N with N depending on max|£| =1 | ^^7|T ~ I • ^ ne corresponding energy esti- 
mates have a 2N/3 — 2 loss of regularity. This was the first known example for effectively hyperbolic 
operator with triple characteristics which is strongly hyperbolic. 

In this paper we study a class of hyperbolic operators with triple characteristics and variable 
coefficients which are effectively hyperbolic on the set t = 0. More precisely, we examine operators 
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having the form 

P = Df + qi {t,x,D x )D 2 t + q 2 (t,x,D x )D t + q 3 (t,x,D x ) 

+r 2 (t,x,D x ) + ri(t,x,D x )D t + r (t,x)Df + mx(t,x,D x ) + m (t,x)D t + c (t,x). (1.5) 

Here qj(t, x, D x ), j = 1, 2, 3, are differential operators with C°° coefficients and real- valued symbols 
qj(t,x,£) which are homogeneous polynomials of order j in £, rj(t,x,D x ), j = 1,2, are differential 
operators with C°° coefficients and symbols rj(t,x,£) homogeneous of order j with respect to £, 
ro(t, x),mo(t, x),co(t, x) are C°° functions and mi(i, x, D x ) is a first order differential operator with 
C°° coefficients. Let p 3 (t, x, r, £) be the principal symbol of P and let Gr = {(t, x) : < t < T, x G 
f7}, where f7 CC M n is an open set in R n . We suppose that P has C°° coefficients in a small 
neighborhood of (5 and we make the following assumptions: 

(Ho) The roots of the equation p 3 (t, x, t, £) =0 with respect to r are real for all (t, x) G G, £ G 

(-Hi) The equation j»3(0, x, r, ^) =0 with respect to r for f = has a triple root r = A(x, ^) for 
x <E G M n . 

(i?2) The Hamiltonian map F P3 (0, x, A(x, ^), £) of j?3 has non-zero real eigenvalues (J>(x,£) for 
(x,^)GC7xM n . 

It is clear that if we have a triple root for t = 0, then this root must have the form X(x, £) = 
— jj<7i(0, x, ^). Under the hypothesis (-Ho) — (-Hi) f° r the principal symbol p$, we can change the 
variables preserving the manifold t = and reduce the analysis to the case when the principal 
symbol p 3 for t = 0, x G U, £ G M n has a triple root r = (see Section 2). Our main result is the 
following 

Theorem 1.2. Assume the hypothesis (Hq) — (H 2 ) satisfied. Let G = {(t,x) : < t < T, x G J7}. 
T/ien /or T > sufficiently small, the operator P is strongly hyperbolic in G. 

Notice that if T is not small and if for < 5 < t < T with sufficiently small 5 the operator P 
is effectively hyperbolic with double characteristics in some points, we can combine our result with 
those of [9], [TO], [12], [13] to obtain a strongly hyperbolic operator in {0 < t < T, x G U}. Our 
arguments work also if we assume that qi,q 2 ,Q3 are pseudodifferential operators with real- valued 
symbols. 

To prove Theorem 1.2, we establish a semi global theorem of the existence and uniqueness of a 
solution of the Cauchy problem (see Theorem 8.3). For this purpose we obtain an a priori estimate 
with a loss of regularity of order 2N/3 — 2 for the operator P having triple characteristics for t = 0. 
We choose N = Z^Fm + N , with 7V an integer and 

n = ^+ sup |p / 2 (0,x,A(x ! 0,0(M^O)" 1 | ) (1-6) 
6 xeu, |£|=i 

where p 2 (t,x,T,^) is the subprincipal symbol of P. Moreover, the integer Nq depends only on 
P3(0, x, X(x, £), £) but we are not going to precise the optimal value of A^. It seems that with a 
more complicated analysis of the contribution of the subprincipal symbol p 2 it should be possible 
to obtain a loss of regularity 2N/3 — 2 with N = |lT + Nq and this is an interested open problem. 
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We may compare the number (jl.6p with the loss of regularity for second order strongly hyper- 
bolic operators L with principal symbol l2(t,x,T,£) given by 

sup |Zi(p)(/x(p)- x | 

where [z] is the integer part of z (see [15], [8], [11] for a special class of operators with double 
characteristics and [13] for the general case). Here 

Sl = {p = (t, x, r, e G x \ {0} : = 0, dZ 2 (p) = 0} 

is the double characteristic set of L, l'i(p) is the subprincipal symbol of L and p(p) is the non- 
vanishing eigenvalue of the Hamiltonian map Fi 2 {p) at p G Si. It is important to note that the loss 
of regularity M for the solutions of the Cauchy problem for P is bounded from below by 

sup |Im(^(0,a;,A(s,C),0)(M(a:,0)" 1 | <2n(M + 3). (1.7) 

This follows from the necessary condition (36) in Theorem 3 in [7]. Thus our result with M = 
2N/3 — 2 is compatible with this lower bound. 

1.2. Comments on the proof of the main result. The proof of Theorem 1.2 is long and 
technical. It is based on the energy estimates obtained in Theorems 8.1 and 8.2 and, as we mentioned 
above, we cannot avoid the loss of regularity which is related to the fraction of the subprincipal 
symbol and the non- vanishing eigenvalue of the Hamiltonian map. This is one of the main differences 
compared to the hyperbolic operators of principal type (see for example the analysis in Section 23.4 
i" ® ) 

First by a change of variables (t, x) we reduce the analysis to the case when the triple root of P3 
for t = becomes r = 0. Thus in the new variables, which we denote again by (t,x), the principal 
symbol has the form 

p-i(t, x, t, £) = r 3 + tai(t, x, £)r 2 - ta 2 (t, x, £)r + t 2 a 3 (t, x, £), 

where a,j(t,x,£),j = 1,2,3, are real valued homogeneous polynomials with respect to £ and 
o>2(t, x, £) > 5\^\ 2 (see Section 2). Next, we introduce, in Section 4, the scaling t = e 2 ^ 3 s,x = 
ey, e > 0, and we transform our operator into the operator V with respect to (s, y) (see Section 
4 for the notations). Since we are interested in showing that the Cauchy problem is well posed 
for sufficiently small t and since P is strictly hyperbolic for t positive and small enough, we can 
investigate the operator V. The symbols a,j(t,x, £) are transformed to symbols 

a E j(t,x,g) = aj(e 2/3 t,ex,C) 

and this is important for the pseudo differential calculus developed in Sections 3-4. Eventually we 
choose e = O(N), where N is a large integer, so that < eo < eN <C 1. 

The so called time function / = | + (£)~ 2//3 plays an important role in the calculus of pseudo- 
differential operators with order function 7x1% = f~ N {t,£,) and metric 

9f x4) =e 2 \dx\ 2 + (0-M\ 2 - 

The issue of this choice is that the commutator [a\(t,x, D x ), f~ N (t, D x )\ has symbol in the space 
S(f~ N sN(0, g £ ) so [a|(t, x, D x ), f~ N (t, D x )]f N (t, D x ) becomes a first order operator whose norm 
is not depending on N and, in particular, on n. This is proved in Proposition 5.2. 
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The main idea is to multiply Vu by the multiplier 

Mu = D 2 - 0ta £ 2 (t, x, D x )u, 

where we choose 9 = 1/3, and to study the expression 

-2Im{f- 2N (t,D x )Vu,Mu}, (1.8) 

(,) denoting the scalar product in L 2 (R n ) and u £ Cq°([0,T] x U). The above expression modulo 
lower order terms is a sum Yl}=i Ij °f ten terms and we make a quite detailed analysis of all 
these terms in Section 5. The purpose is to find, by integration by parts, "positive" terms with 
a big coefficient of order 0{N) which will absorb in the energy estimate the contributions with 
"indefinite" (possibly negative) sign. 

In fact, we have many indefinite terms, while the positive ones come from the expression 

d t S N {u) + 2NS N+1/2 (u), 

where 

£n{u) = \\r N u"\\l + (l-e)tRe(r 2N a £ 2 u',u') + et 2 \\r N a 2 u\\ 2 
+6t2Re{f- 2N a £ 2 u,u") 

+e 1/3 t 2 2 lm(f- 2N a £ 3 u, v!) + e x lHtH lm(f- 2N a\a £ 2 u, u') . 

The quantities in the third line above, involving powers of e and t, are lower order perturbations. 
We introduce the energy of order k £ N by the expression 

^(«) = |([lrV||g+2^Re(r fc aiu^rV) + i^ 2 [|r*al«[|g), (1.9) 

where a| is the operator with symbol a|(0, x,£) and ||.[|^ denotes the H k (M. n ) norms. Next we 
prove that modulo lower order terms we have 

S k {u) > E k {u). 

To gain control on the terms involving norms with j = 1, 2 and k = N, N + 1/2, we would 

like to exploit the terms with H 2 (M. n ) norms having large coefficients. However, the latter terms 
have factors t or t 2 so that tN or t 2 N becomes close to 0. A way around this is to use the key 
inequality 

(0 2 r fc <*(0 2 r fc - 1 + / ifc - 3 ) 

established in Lemma 6.1. Thus, for example, we have an estimate 

iirNif^tii/^uiif + iir^Nig- 

For H 2 norms we must apply the above equality twice to gain t 2 factors and this leads to norms 
of the form ||/ _Ar ~ 5 / 2 u||o. Following this way, we have negative terms with coefficients t and 
t 2 , but we have now generated other negative terms involving norms with weights f N 3 / 2 and 
j—N—5/2 anc j these also have to be absorbed. Now, the latter types of terms are not included in 
our energy expression (|1.9|) . To be able to treat such terms, we use the well known spectral shift 
trick, multiplying our basic inequality by e~ xt , A being a large positive parameter. Next we apply 
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to just a fraction of the positive terms in e~ xt E^(u), having a large coefficient proportional to N, 
the inequality 

+2Ne- xt \\f- N -ld t u\\ 2 (1.10) 

i a ( -Atii r-JV-2 \\2\ . x -Atii r-iV-2 ii2 
+<9t e 11/ u|| + Ae ||/ «|| 



+(2iV + 3) e - A *||r JV -fu||2. 

A similar inequality for e~ xt \\f~ N ~ 1 dtu\\Q completes our technical toolkit. 

Finally, in Section 7 we show that we can absorb all non positive terms and in Section 8 we get 
the energy estimates with loss of 2N/3 — 2 derivatives in x which imply, by a standard argument, 
the well posedness of the Cauchy problem. 

2. Hyperbolic operators with triple characteristics on t = 

In this section we use the notations of Section 1. According to the hypothesis (Hi), P has triple 
characteristics for t = and the triple root of (jl.3p for t = 0, x G U, £ 6l" is 

1 . 

t = -g?i(0,a:,U- 

Let — ggx(t, X, £) = X]j=i a j(*> x )£r We will show that after a change of variables 

s = t, yj = fj(t,x), j = l,...,n, 

this triple root for s = becomes a = 0, where we denote by (<r, rj) the variables dual to (s, y). We 
have 

dt ds dt dyj ' 

dx k ^dxkdyj' 

j=i j 

j=i fc=i wj 



Then 



Now we choose 



fj{t,x) = xj + taj(0,x), j = l,...,n 
tl 

for t = for the Jacobian we get 



and we conclude that for t = the operator — Y^=x a j(0> x ) a§~ is transformed in Jj. Moreover, 



D(t,x) 

Since U is compact and the coefficients a,j(0, x) are bounded for x E U, we conclude that the above 
change is non degenerate for t > small enough and x £ U. 
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When, for t = and (x,£) in a conic neighborhood of (xo,£o) ^ T*(U) \ {0}, we have a triple 
root t = — |gi(0, x,£) = A(x,£) of the equation £>3 = 0, we may find a homogeneous canonical 
transformation, being just a change of variables in the differential case, 

s = t, yj = Yj(t,x,£), a = t - A(x,£), rjj = Zj(t,x,£), j = l,...,n, 

defined in a small conic neighborhood of (0, xo, A(xo, £o)> £o) i n r*(Mx t/)\{0} so that r— A(x, £) = 
is transformed into a = 0. For this purpose it is sufficient to observe that the Poisson bracket 
{r — A(x,£),i} = 1 and the three one-forms 

it 

dr — d\(x, £), dt, rdt + Cjdxj 

i=i 

are linearly independent. Then the results follows from Theorem 21.1.9 in [6]. Consequently, 
microlocally we can reduce the analysis to the case examined in our paper. 

In the new variables which we denote again by (t, x) the operator P is transformed into 

V = D% + tai(t,x,D x )D% -ta 2 (t,x,D x )D t + ta 3 {t,x,D x ) + b 2 (t,x,D x ) 

+h(t, x, D x )D t + b (t, x)D 2 t + ci(t, x, D x ) + co(t, x)D t + d (t, x). (2.1) 

Here oi, a 2 , 03 are homogeneous polynomials with respect to £ respectively of order 1, 2, 3, bj(t, x, £) 
are homogeneous polynomials with respect to £ of order j, while 60, Co, cfo are smooth functions and 
ci(i,x,£) is a first order differential operator with respect to the variable x. 

In the following throughout our exposition we will assume that the principal symbol P3(0, x, r, £) 
of V has a triple root r = for i = 0, x G 0", £ G M n and we examine the operator having the form 
()2.ip . It is clear that the Hamilton map of P3 for t = r = has non- vanishing eigenvalues if only if 
a 2 (0,x,£) ^0, x G U,£ G E^yo. 

Notice that for |£| = 1 the discriminant A of the equation p%(t, x,t, £) = with respect to r 
has the form 

/-3ta 2 -t 2 af\3 ^9t 2 aia 2 + 27td 3 + 2t 3 af\2 



9 / V 54 
= Q 3 + R 2 = ^-t 2 al - — t 3 a| + it 3 aio 2 a 3 + 0{t 4 )a 6 . 

If at a point (xo, £0) G T*(C7)\{0} we have 03(0, xq, £0) 7^ 0, then for small t > we get A(t, xo, £0) > 
and the cubic equation p% = has complex roots. Thus 03(0, x,£) = for (x,£) G T*(U). By the 
same argument (see also Lemma 8.1 in [7]) we conclude that a 2 (0, x,£) > 0, V(x, £) G T*(U) \ {0}. 
Consequently, A < for small £ > and x G J7, |£| = 1. Thus the operator V is strictly hyperbolic 
for small t > and to study the Cauchy problem for < t < T with sufficiently small T > 0, it 
suffices to examine the Cauchy problem for < t < to < T, to <C 1. 

Now we change the notations and write ^(i, x,£) = tas(t, x, £). Then the principal part of 
has the form 

V 3 = A 3 + Mt, D *) D t ~ M*, x, D x )D t + t 2 a 3 (t, x, Dg;) 
with a,j(t,x,£),j = 1,2,3 real-valued polynomials of order j in £ and 

a 2 (0, x, f ) > c|£| 2 , c> for x G C7, £ / 0. 
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It is well known that the subprincipal symbol and the eigenvalues of the Hamilton map are invariant 
on the characteristic points p G Si = {p G T*(G) \ {0} : pz{p) = 0, dps(p) = 0}. Thus the number 
LT defined by (1.6) can be expressed by the subprincipal symbol p' 2 (0,x,!;) and 02(0, £,£). 

We extend the coefficients of aj,j = 1,2, 3, k = 0,1,2 and c\,CQ,do for x G R n as smooth 
functions. Thus in the analysis in Section 3-8 we will assume that the operator V are defined in R n . 
Moreover, our arguments works without changes if aj,bk,c k , etc, are classical pseudodifferential 
operators with symbols 

aj(t,x,0 G S{ (R n+1 x R n ),b k (t,x,£) G S£ (R n+1 x R n ),c k (t,x,0 G Sf i0 (IR n+1 x R n ) 

depending smoothly on the parameter t. 

We can obtain more information for the real roots of pz(t, x, r, £) for small t. Notice that the 
coefficients of the cubic equation p^[t, x, r, £) = are real, and for i > its real roots Xk(t, x, £), k = 
1,2,3, have the following trigonometric form (see for instance, |16j ) 

'Ai = 2p 1 /3 COS (0/ 3 )_M 

A 2 = 2 / 9 1 /3 cos (fl/ 3 + ^)_ 

4tt \ tai 

3 > 3 ' 



A 3 = 2^/3 cos (#/3 + ^) - tsx 



where 

p = (-Q) 3 / 2 , 6 = arccos(i?/p) 
with Q = — 3ta2 ~^ t a i . Next consider the symbols 
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fc = 1,2,3. 



X d P3 

5k =57 



3r + 2taiT — ta 2 



--X 



l; 



Since these symbols are homogeneous of order 2 in £, to find lower bounds for \8k\, it is sufficient 
to examine their behavior for |£| = 1. We have 

5 X = Up 2 / 3 cos 2 (#/3) - ta 2 + 0(t 3/2 )a 2 = (4cos 2 (0/3) - l)ta 2 + 0(t 3/2 )a 2 . 



On the other hand, - p = 0(t 1 / 2 ), hence cos (0/3) = + o(t) and this implies for small t and 
x G U, |£| = 1 the estimate \5±\ > c\ta 2 with ci > 0. Moreover, 

$2,3 = 3A| 3 - ta 2 + C(t 3/2 )a 2 = (4sin 2 (vr/6 ± 0/3) - l)ia 2 + 0(t 3/2 )a 2 
and we obtain the following 

Lemma 2.1. There exist constants 7 > and 71 > such that for < t < j%,x G U we have 

\h\ >7ta 2 (t,x,0 >jct\£\ 2 , k = 1,2, 3. (2.2) 
In our exposition we will not use Lemma 2.1 which has an independent interest. 

3. Some classes of symbols 

Let 

f(t,0 = l + (0- 2/3 , (3-1) 
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where (£) 2 = 1 + |£| 2 . Then clearly / is a symbol in the class S£ 2 /3' wnen derivatives with respect 
to t are considered, but it is in the class S® if t is just a parameter and no derivatives with respect 
to t are involved. 

It will be convenient for us to use the Weyl calculus formalism, in the variables x, in order to 
establish an a priori estimate for the operator we deal with. From now on t will be regarded as a 
non-negative parameter. 

Let e > be a small positive number. We consider the metric in T*M n defined by 

gf^ = e 2 \dx\ 2 + (0~ 2 m 2 (3.2) 

which is almost the classical (1, 0)— metric. In the following we will write g, when there is no 
ambiguity. It is well known that g is a slowly varying metric. 

Let N be a positive integer. In what follows the size of N is determined in terms of the problem. 
We define the "order" function 

m t N (0 = r N (t,0- (3-3) 

It is trivial to verify that is an order function. Then we may define the classes S(m!' N ,g e ) of 
symbols in the standard way. 

We point out explicitly that t is just a parameter at this level and that if there is no ambiguity 
we may omit it in our notation. We have the following 

Proposition 3.1. f~ N (t,£) G 5(m^,6f £ ). 

Proof. Of course we must check only ^-derivatives. We have that 

^/-(«) = -AT"(«)|^(-|)|(0-. 

Hence we have the estimate \d^f~ N (t,^)\ < CNf~ N {t,£,)(£,)~ 1 - A simple iteration concludes the 
proof. □ 

Remark 3.1. In particular we deduce that 

%r N (t,t) = o (N^r N (t,o(0' lal ) • 

Given a symbol a(t,x,£) £ S(m N ,g £ ), which we may also denote by a*(x, £), the Weyl pseudo- 
differential operator associated with it is defined by the formula 

a tw u{x) = (27r)-"| J e^-vda* u{y)dy d£. 

We recall the composition rule for two symbols (see e.g. [6]). Define 

\a(w,w r )\ 2 
g (to) = sup — — . 

g{W) 

Here a denotes the symplectic form defined on T(T*M n ) x T(T*M n ), which in our local coordinates 
is given by 

o-((x,£), (y,rf)) = (y,Q - {x,rj}. 
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Theorem 3.1. Let g be a temperate metric with g < g a and let mi, be (a, g) temperate order 
functions. Let aj E S(rrij,g), j = 1,2. Then the composition of the associated pseudodifferen- 
tial operators is associated to a symbol map (01,03) i->- a = a\ffa 2 from S(m\,g) x S(m2,g) to 
S(mim 2 , g) and a is defined by 

a(x,0 = exp ( ^a(D x ,D^,D y ,D v ) J a 1 (x,^)a 2 {y,r])\ ■ (3-4) 



Let 



Mx,0 2 = S up^44, (3.5) 



then we have that for every integer M the map associating a\, a 2 to the remainder term 

ai#a 2 {x,0 - 2^ ^jrp ! — a 1 {x,C)a 2 {y,V) 

j<M h 

evaluated on the diagonal (x,t;) = (y,rj), is continuous with values in S(h M mim 2 , g). 



Remark 3.2. We explicitly note that the above formula \3.4\) reduces to the usual symbol compo- 
sition formula (i.e. with no effect of the Weyl operator definition) if a\ or a 2 does not depend on 
x; thus reduces to 



|a|>0 



or the analogous symmetric formula if a 2 is independent of x. 
Note that a different way of writing the above formula is 



a(x,£) = exp f^(D y ,D^ ai(£)a 2 (y, r?)j 



Remark 3.3. An easy and explicit calculation yields that 

(g^T = (0 2 \dx\ 2 + s- 2 \dt\\ (3.6) 
and consequently the function h is given by 

h(x,0 = ^r- (3.7) 

Evidently in this case 

We need to have a better control of this remainder terms in order to estimate the composition 
symbol with respect to the parameter N introduced above. 

We recall a result due to J.-M. Bony, [2], according to which the composition a\#a 2 is written 
as a finite sum plus a remainder term: 



M_1 If' \ p 
ai#a 2 (x,£) = ^ —. \ -a(D x ,Df,Dy,D v ) J ai(x,^)a 2 (y,i]) 



+ R M (ai,a 2 )(x,C), (3i 
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where 
R M {ai,a 2 ){x,£) 



(1-9) 



M-l 



(M-l)\ 
1 



(7T0) 



2/i 



e -{2i/6)*{{x,ti)-{t,T),{x£)-{y,r,)) 
i \ M 

-a(D t , D T ; D y , D v ) I ai(t,T)a 2 (y,n)dtdTdydi]dO (3.i 



Proposition 3.2. Assume that ai S S(rrii,g), where g is a slowly varying, temperate metric such 
that g < g u . Then both Rm and the restriction to the diagonal of 

a((D x ,D(.); (D y , A,))ai(x, £)a 2 (y, rj) 

belong to S(m\m 2 h M , g) . 

4. Scaling and multiplier 
To obtain an a priori estimate and to deal with the lower order terms we introduce a scaling 

t = e 2/3 s, x = ey, e > 0. (4.1) 
Multiplying by e 2 , we obtain an operator 

V = Dl- sa 2 {e 2 ' 3 s, ey, D y )D s + b 2 (e 2 ' 3 s, ey, D y ) 

+ e 1 / 3 [sai(e 2 / 3 s, ey, D y )D 2 s + s 2 a 3 (e 2/3 s, ey, D y ) + h (e 2 ^s, ey, D y )D s j (4.2) 

+ e 2 / 3 b (e 2 / 3 s, ey)D 2 + e Cl {e 2 ' 3 s, ey, D y ) + e 4 / 3 Co (e 2 / 3 s, ey)D s + e 2 d {e 2 ' 3 s, ey). 

Here we use for simplicity the same notation V for the transformed operator. Moreover, a,j,j = 
1, 2, 3, bk, k = 0, 1, 2, etc. are the symbols of Section 2. 

Since we are interested in obtaining an estimate for < t < T with sufficiently small T > 0, 
we may think of e as a parameter which is going to be chosen sufficiently small; actually it will be 
fixed below as e = 0(jf), where N = 3^11 + iV and II was defined in the Introduction. 

Let 

P = £ 3 - sa 2 (0, ey, D y )D s + 6 2 (0, ey, D y ) (4.3) 

be the leading term in V having no factors depending on e. 
It is convenient to use the following notation: 

a £ j (t,x,D x ) = a j {e 2 / 3 t,ex,D x ), j = 1,2,3 (4.4) 

and 

b\{t, x, D x ) = b 2 {e 2 ' 3 t, ex, D x ), (4.5) 

for the second order differential operators appearing in the definition of V (|4.2p . emphasizing the 
dependence on the parameter e. We may also return to the notation (t, x) for the time and space 
variables respectively, without any risk of misunderstanding. 
For u, v G C^°(l+ x M n ), we denote by 

(u,v) = / u(t,x)v(t,x)dx, 
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the usual scalar product in L 2 (M n ) w.r.t. the space variables x. Also we denote by the norms 
in the spaces H k (R n ). 

In order to deduce an energy estimate, we need a second order multiplier operator. In what 
follows we use the multiplier 

M(t,x,D t ,D x ) = D 2 - 9ta £ 2 (t,x,D x ), (4.6) 

where a 2 is the same operator appearing in the definition of V and 6 denotes a positive constant 
to be chosen later. 

Let us compute, for u 6 C^°(1R + x W 1 ), the expression 

-2lm{f- 2N (t,D x )Vu,Mu). 

Here f~ 2N (t, D x ) denotes the pseudodifferential operator whose symbol is f~ 2N (t,£,) G S(m 2N , g £ ). 
We have 

-2lm(f' 2N (t,D x )Vu,Mu) = 2Re(f~ 2N (d? + ta £ 2 d t ) u, (df + 9ta £ 2 ) u) 

-2Imt(f- 2N e 1/3 a £ 1 (t,x,D x )d?u, (d? + 6ta £ 2 ) u) (4.7) 

+ 2lm{f~ 2N e 1 / 3 t 2 a £ 3 (t,x,D x )u, (df + 6ta £ 2 ) u) 

+ 2lm(f- 2N b £ 2 (t,x,D x )u, (8 2 + eta e 2 ) u) 
+ lower order terms. 

Here we denoted by " lower order terms" the terms of order 1 or 2 involving the operators b± , do , d% . 
It will be evident after the discussion below that they do not have any influence whatsoever on the 
energy estimate for V that we are going to deduce and hence, to avoid burdening the exposition 
with useless details we omit a discussion of those terms. 

Next we list in a more detailed way the terms in (j4.7|) above. 

-2lm{f- 2N (t,D x )Vu,Mu) = 2 Reif'^dfu, d^u) + 2 Re(f- 2N dfu, 9ta £ 2 u) 

+ 2 Re(f- 2N ta £ 2 d t u, d^u) + 2 Re(f~ 2N ta £ 2 d t u, 6ta £ 2 u) (4.8) 

- 2Im(f- 2N e 1/3 ta £ 1 d?u,d?u) - 21m(f~ 2N e 1/3 ta £ 1 d^u,eta £ 2 u) 

+ 2 lm(f- 2N e l/3 t 2 a%u, d 2 t u) + 2 lm(f- 2N e 1/3 t 2 a £ 3 u, 6ta £ 2 u) 

+ 2 lm(r 2N b £ 2 (t, x, D x )u, d^u) + 2Im( f~ 2N b £ 2 (t, x, D x )u, 6ta £ 2 u) 
+ lower order terms 
10 

= Ij + lower order terms 
i=l 

In the next section we are going to estimate each term Ij with the purpose of putting in evidence 
a positive energy containing the weight f~ N as well as J-^- 1 / 2 . 

5. Estimate of the terms in (14.81) 
5.1. Estimate of I\. For the first term we have 

h = 2Re(f- 2N d 3 u, d 2 u) = d t \\r N d 2 uf + 2N\\f- N -hd 2 u\\ 2 - (5-1) 
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We write, here as well as in the preceding section, f~ 2N instead of Op(f~ 2N ), for the sake of 
simplicity. 

Note that we have used the fact that /, or rather its powers, is self adjoint as an operator w.r.t. 
the x variables when acting on smooth functions with compact support. 

5.2. Estimate of 1%. Due to Proposition l3.ll we have that, as a symbol, f~ 2N G S(m 2N , g e ), where 
e is a positive parameter to be chosen below and the variable t can be regarded as a parameter for 
the time being. The order function m|jy has been defined in (13.3|) . 

Taking into account that we performed a dilation by e, we conclude that 

Proposition 5.1. Both symbols a 2 and b 2 belong to S((^) 2 ,g £ ), as symbols in the x variables. It 
is then straightforward to show that actually 

£ -^a(M,()£5((0 2 ,/), (5.2) 

where a denotes either a 2 or bf,. 

A typical situation we encounter in the estimate of Ij is the evaluation of a norm or scalar 
product involving a commutator. We have 

Proposition 5.2. The commutator 

[a £ 2 (t,x,D x ),f- 2N ] (5.3) 

has a symbol in S(f~ 2N Ns(^), g e ). 

Corollary 5.1. If < e < £q, where £q denotes a suitably small positive number depending on N , 
then the commutator in 115. 3\) can be written as 

[af,(t,x,D x ),r 2N ] = r m itit,x,D x ), (5.4) 

where 7! G S((!;),g £ ). 

Proof of Proposition I5.£l Since f~ 2N does not depend on x, the bracket can be written as a product: 

symb ([al(t,x,D x )J- 2N (t,D x )]) = a\f~ 2N - f- 2N #a\, 

where symb(6) denotes the symbol of the operator b. 

Using Proposition 13.21 as well as definitions (|3.2p and (|3.5p . we obtain that the r.h.s. of the 
above identity belongs to S(f~ 2N e(^),g £ ). □ 

Proof of Corollary I5.il Choosing M = 1 in ()3.9[) we get 

o-{[a e 2 (t,x,D x ),f- 2N (t,D x )])(t,x,Z) 

(2i/e)*((x,t)-(z,0,(x,t;)-(y,v)) l - Dz a £ 2 {t, z, () 



M) 2 " J J 2 



"n 
Since 



• D r ,r 2N (t,ri)dzdCdydride. 



d z ald v f- 2N = —e((d z a 2 r, -\) f~ 2N (n)- 1 - 



we see that besides the order function f~ 2N s(0 we have also a factor N, which justifies the presence 
of e. Here we used the notation (d z a 2 ) £ to denote the symbol (d z a 2 )(e 2 ^ 3 t, £Z,£). See also definition 

(gap . □ 
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Due to the above statements we may conclude that 



\j- w ,<$\ = r w <A, (5.5) 

for some first order symbol a\ . Therefore 

h = t «r 2Af aiu>"> + (u", {a\r 2N + r 2N at) «'» 

= t ((f~ 2N a £ 2 u', u") + (f- 2N a\u\ u') + (r 2N u", a\u')) (5.6) 
= tdt(r 2N a £ 2 u',u'} + 2Nt(f- 2N - 1 a £ 2 u',u'} 

-t{r 2N d t {al)u',u') + {r 2N u\a\u') 
= tdt(r 2N a £ 2 u',u'} + 2Nt(f- 2N - 1 a £ 2 u',u'} 

+ ^3,1 + h,2- 

Here we denoted by v! = dtu and u" = d 2 u. Moreover dt (a 2 ) denotes the operator whose symbol 
(or coefficients in the differential case) are the t-derivative of a 2 . 



5.3. Estimate of I4. Let us consider I4. We have 

I 4 = 2Re{f- 2N ta £ 2 d t u,9ta £ 2 u) 

= 9t 2 {{f- 2N a £ 2 u\a £ 2 u) + {a £ 2 uJ~ 2N a 2 u')) 

= 9t 2 d t (r 2N a £ 2 u, a £ 2 u) + 2N6t 2 (f- 2N - l a £ 2 u, a £ 2 u) (5.7) 

- 26t 2 Re{f~ 2N (d t a £ 2 )u, a £ 2 u). 
= et 2 d t (r 2N a £ 2 u,a £ 2 u) + 2N9t 2 {f- 2N - 1 a £ 2 u, a £ 2 u) 

+ h,i- 

Here we just used the fact that both f~~ 2N and a 2 are self adjoint in L 2 (Q), t being a parameter at 
this stage. 

We point out explicitly that I±, 1$ and I4 are the main terms concurring to the energy as we 
shall see in the sequel. 



5.4. Estimate of I5. This is very simple: 

I 5 = -2lm(r 2N e l/ ha\d 2 u,d 2 u) 

= te 1/3 2Re(r 2N a £ u",u"), (5.8) 

where denotes a suitable pseudo differential operator of order 0. Here we have used the fact that 
the symbol of af(t,x, D x ) is real valued, hence (af (t, x, D x ))* = af(i, x, D x ) + ag(i, x, D x ). 
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h = 2Re(f- 2N dfu,eta £ 2 u) 

= et((r 2N u'\alu) + (a%u,r 2N u'")) 

= etd t ((f- 2N u",a' 2 u) + (a\u,r 2N u") - (f- 2N u' , a £ 2 u') ) (5.9) 



+ 2N6t{{r 2N - 1 u" \a\u) + (ai«,/- 2Ar -V 

- {f- 2N - l u\alu' 
+ 9t2Re(f- 2N alu',u") 

- 9t((r 2N u ", (dtafiu) + ((d t al)u, f- 2N u") - (r 2N u', (d t al)u') 
-- 6td t (2Re{f- 2N u",a £ 2 u) - {f- 2N u',a £ 2 u' 



-2JV-1„,/ „E n ,t\ 



+ 2N8t( 2Re{f- 2N - 1 u",a £ 2 u) - (/""' ,a 2 u 



i 

k- 



k=l 



A few words are in order. Here fif denotes a suitable first order pseudodifferential operator origi- 
nating from a commutator exactly as it occurred for the other terms above. 
Moreover in deducing (I5.9P the following identity has been used: 



d t ^(f- 2N u",alu) + (a|u, r 2N u") - (f- 2N u', a £ 2 u') 

= (f- 2N u"',a £ 2 u) + (r 2N u",alu') + (a^', /- 2i V) + <a§«, r 2J V") 
- (f~ 2N u", a e 2 u') - (f~ 2N u', a £ 2 u") + terms being &{N) + terms involving d t a £ 2 . 

Thus let us examine the first four terms in the r.h.s. above. We have 

(f- 2N u"',a £ 2U ) + (f- 2N u",a £ 2 u') + (a £ 2 u'J- 2N u") + {a £ 2 uJ~ 2N u'") - (f- 2N u",a £ 2 u>) 

- {f u ,a 2 u ) 

= (r 2N u'",a £ 2 u) + (afu, r 2N u"') + ([f- 2N , a £ 2 ]u' , u") + (f~ 2N a\n' ,u") 

= 2Re(f- 2N u"',a £ 2 u) + (f- 2N d £ lU ' ,u") . 



To obtain the last line we used Corollary 15.11 and the fact that the principal symbol of a 2 is real, 
i.e. a 2 — (of)* is a first order operator. 
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5.6. Estimate of I7. Let us rewrite ilj in the following way 

U 7 = 2ilm{f- 2N e 1 / 3 t 2 alu,u") 

= e 1 /H 2 ((r 2N alu,u")-(u»J- 2N alu) 

We have the identity 

d t 2iIm(r 2N a £ 3 u,u') = <r 2A V 3 u,u") - (u",r 2N alu) 

+ (r 2N alu>, v!) - («', r 2N a%u') (5.10) 

- 2N((f- 2N - 1 a^u') ~ (u'j-^atu)) 

+ (f- 2N (d t al)u,u') - (u'j- 2N (d t al)u). 
Plugging (|5.10p into the above expression for H7, we then obtain 
I 7 = e 1 / 3 t 2 d t (2lm(r 2N a £ 3 u,u')) 

+ e l/ h 2 2N2 Im(/- 2iV - 1 a|u, u') (5.11) 
- e l 'H 2 2 lm(f- 2N a £ 3 u', u') - e l 'H 2 2 lm(f- 2N \d t a%)u, v!) 
= s 1 / 3 t 2 d t {2lm(f- 2N a £ 3 u,u')) 

+ e 1 / 3 t 2 2N2lm(f- 2N - 1 a £ 3 u,u') 
2 

k=l 

5.7. Estimate of Iq. In this section we manipulate the term 1%. 

H 6 = - £ 1 / 3 0t 2 2ilm{f- 2N a £ 1 d 2 u,a £ 2 u) 

= e 1/3 6t 2 2% lm(r 2N a £ 2 u, a\u") = e 1/3 6t 2 2i Im(of f- 2N a £ 2 u, u") (5.12) 

= e 1/3 9t 2 S.2i Im{f- 2N aTa £ 2 u, u") + 2% lm(f~ 2N a £ a £ 2 u, u") 



Actually without any loss in generality we may assume that aj are formally self adjoint differential 
operators; in fact their principal symbol is real, by the hyperbolicity assumption and hence it all 
amounts to a change in the lower order terms that can be easily handled, since it does not affect 
the hypotheses. 

The first summand in the last line above is treated as we did for Ij, thus yielding 
J 6 = e l/3 et 2 d t (2lm{f- 2N a £ 1 a £ 2 u,u')) 

+ e 1/3 dt 2 2N2 Im(/- 2JV_1 af a|«, u) (5.13) 

- e 1/3 9t 2 12 Im(f- 2N al a £ 2 u' , v!) + 2 lm{f- 2N d t {a{ a £ 2 )u, u') 
+ 2Im(r 2N a £ a £ 2 u,u' 
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So that eventually we may write 



J 6 = e 1/3 6t 2 d t {2lm(r 2N a £ 1 a £ 2 u,u'}) 

+ e 1 ^et 2 2N2Im(f- 2N - 1 a £ 1 a £ 2 u, v!) (5.14) 

3 



k=l 



5.8. Estimate of /§• Using the calculus it is not difficult to show that there is a symbol of order 
zero, &q, such that 



Is = 2e 1/3 6t 3 lm(f- 2N a £ 3 u, a\u) 

= e 1/3 9t 3 2 Im(f- 2N a £ 3 u, a £ 2 u) (5.15) 
= e 1 ^9t 3 2Im(f- 2N a £ a £ ,u,a £ 2 u). 



Here our argument is based on the fact that symbols of the operators a 2 (t,x,D x ) and a £ 3 (t,x,D x ) 
are real valued. Thus 



(a|(t, x, D x )a £ 3 (t, x, D x ))* = a £ 2 (t, x, D x )a £ 3 (t, x, D x )) + a|(t, x, D x ) 



with a pseudodifferential operator a\ of order 4. Since a 2 (t, x, D x ) is elliptic, it is easy to find 
a £ Q {t,x,d x ) so that a\{t,x,D x ) = (affiant, x,D x )a 2 . 
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6. Energies 

So far we have obtained the following expression for the quantity on the r.h.s. of ([4.80 : 



-21m(f- 2N Vu,Mu) = d t 



\\r N u"\\ 2 + (1 - 0)tRe(r 2N a £ 2 u', U ') + 9t 2 \\r N a £ 2 uf 
+ 9t2Re(f- 2N a £ 2 u,u") (6.1) 
+ e 1/3 t 2 2 lm(f- 2N a £ 3 u, v!) + e 1/3 6t 2 2 Im(/- 27V af a|u, u) 



+ 2N 



\\f- N - l/2 u"\\ 2 + (1 - e)tRe{r 2N - l a £ 2 u> >') + ^HZ-^^a^f 



+ 0t 2Re(/- 27V - 1 a|n,n") 



+ 2A^ 1 / 3 t 2 2Im(,T 2iV - 1 aiuy) + 2iVe 1 / 3 ^ 2 2Im(/- 27V - 1 af a|«, u) 

- (1 - 0) Re(,T 2iV a|uV) - 20 Re(r 2N a £ 2 u, u") - 26t\\f- N a £ 2 u\\ 2 
+ 0t2 Re(f- 2N a £ lU ', u") + 2 Re(f- 2N u", a\v!) 

- 29e 2/3 t 2 Re(f- 2N (d t a 2 ) £ u, a\u) + s 1/3 t2 Re(f- 2N a £ u", u") 

- 0e 2/3 t2Re(f- 2N u", {d t a 2 ) £ u) - (1 - 0)te 2/3 (f- 2N (d t a 2 ) £ u' , v!) 

- 2e l ' 3 t 2Im{r 2N alu,u') - e l ' 3 t 2 21m(f- 2N a £ 3 u' , v!) - e^H 2 2 Im(f- 2N (d t a £ 3 )u, v!) 

- 2s 1/3 t92lm(f- 2N ala £ 2 u,u') - e 1/3 t 2 21m(f- 2N a £ ia £ 2 u' , v!) 

- 2t 2 e 2/3 Im(f- 2A 1 {d t {a\a £ 2 ))u, v!) 

- e 1/3 t 2 62 lm(f- 2N a £ a £ 2 u, u") + e 1/3 t 3 2 Re(f~ 2N a £ a E 2 u, a £ 2 u) 

+ 2Im( f~ 2N b £ 2 (t, x, D x )u, d^u) + 2lm(f~ 2N b £ 2 (t, x, D x )u, 6ta\u) 
+ lower order terms 



d t S N + 2N 



Hr^-VVH 2 + (1 - 6)tRe(r 2N - l a £ 2 u\u') + 6t 2 \\r N ~ 1,2 a £ 2 u\\ 2 



+ 6t 2Re(f- 2N - 1 a £ 2 u,u") 
+ 2Ne 1/3 t 2 2 Imif- 2 "- 1 ^, u) - 2Ne 1/3 6t 2 2 ^(/-^"^f a £ 2 u, v!) 

19 

+ Fj + lower order terms 

3=1 



We write a 2 (t, x, £) = a|(0, x,£) + e 2 / 3 ta 2 (t, x,£) and we get 

{l-e)tRe{r 2N ~ X a 2 u\u')+9t 2 \\r N ~ 1,2 a £ 2 uf + 9t 2Re(f~ 



2N - l a £ 2 u,u" 
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= (1 - 0)t Re(/- 27V - 1 a|(0, x, D x )u' , u) + et 2 \\r N ~ 1/2 a%(U, x, D x )u\\ 2 
+9t IReir^^a^O^, D x )u,u") + t 2 e 2 / 3 Af +1/2 (u). 

Here t 2 e 2 ^ 3 A^ +1 ^ 2 (u) denotes terms which have coefficient t 2 e 2 ^ 3 and it will be easy to absorb them 
by applying the following 

Proposition 6.1. There exist positive constants C\ and C 2; independent of the positive integer k 
such that for < e < £o(k) we have 

(/-V 2 (0,^ )J D a; K/-^)>C' 1 ||/-^||?-C' 2 ||r fc «||g, (6.2) 

for every v G Cq°. The constant C\ depends only on the symbol a|(0, z,£). 

Proof. The proof consists in just making sure that we may commute the weight operator f~ k with 
a| and estimate the errors, which naturally depend on N. We have that 

(/- fc a|(0, x, D x )v, f- k v) = (al(0, x, D x )f- k v, f- k v) + ([f- k , af(0, x, D x )]v, f- k v) =h + I 2 . 

Keeping in mind that a 2 is uniformly elliptic and using the strict Garding inequality for it, we 
obtain that 

h>c 1 \\r k v\\ 2 -c 2 \\r k v\\ 2 , 

for two suitable positive constants c\ and c 2 independent of k. We are thus left with / 2 . By 
Proposition 15.21 and Corollary 15. II we see that if e is small enough depending on k, i.e. if e < £o(k), 
there is a positive constant C3 independent on k, such that 

\h\ < c 3 \\r k v\\ 2 1/2 < s\\r k v\\i + c',5- i \\r k v\\ 2 . 

Choosing 5 conveniently small, but independent of e and k we obtain the assertion. □ 

To simplify the notations in the following we will write a 2 for a|(0, x, D x ), while a 2 will denote 
the operator a 2 (£, x, D x ). Now we introduce the energy by the following 

Definition 6.1. For a non negative integer k we define the k-th energy as 

Ek{u) = ^(||/-V|| 2 + 2tRe</-*afu', /"*«'> + l -t 2 \\r k *\u\\ 2 

Consider the term in the brackets ... with 2N in front in equation (16. ip . We write a 2 (t, x, £) = 
a|(0, x, £) + e 2//3 ta 2 (t, x, £) and we keep only the terms with a 2 (0, x, D x ). The sum of terms with a 
factor t 2 e 2 / 3 after this splitting has been denoted by t 2 e 2 ^ 3 A^ +1 ^ 2 (u). For a small 77 > we have 

et2Re(f- 2k a £ 2 u,u") < n\\f- k u"\\ 2 + e -t 2 \\f- k a £ 2 u\\ 2 , 
We take 9 = |, 77 = § and get \ — = ^. Then 

y-N-i/2 u »^ + (1 _ e)tRe(f- 2N ~ l a £ 2 u',u') +9t 2 \\f- N -^ 2 a £ 2 u\\ 2 + 9t 2Re(f- 2N - l a £ 2 u,u") 
> i||r^-VVf + ^(r^afuV) + ^ll/^-^alnf = ^ +1/2 (n). 



3 1 " 3 6 
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Going back to the operator V, we have 

2lm{f- 2N Vu,Mu) = 2lm{f- 2N Vu, D 2 u) + 2lm{f~ 2N Vu,6ta e 2 u) 

< 2\\r N+1 2Vu\\ 2 + \\r N --2d 2 u\\ 2 + t 2 e 2 \\r N - l/2 a £ 2 u\\ 2 . 

We denote by A > a large parameter and multiply both sides by e~ xt . Since e~ xt dt<o]y(u) 
d t (e~ xt £ N (u)) + \e- xt S N (u) we obtain from (IfTTj) 

At II f-JV+i-D».l|2 >s ( ~-Xt#„(.,\\ _i_ \o — At / ,\ , oAr c -At 



2e- Ai ||/- w+ 2pn|| 2 > ^ ^e- At ^v(«)J + \e~ xt S N (u) + 2Ne~ xt E N+1/2 (u) (6.3) 
+ 2Ne~ x H 2 e 2 / 3 A^ +1/2 (u) 

- e- Xt \\f- N -h 2 u\\ 2 ~ t 2 e- xt e 2 \\f- N - l l 2 a\u\\ 2 
19 

+ e~ xt Fj + lower order terms. 
i=i 

Note that the splitting of the l.h.s. in (|6.ip has generated two terms involving the weight f- N ~ 1 / 2 
and that these terms are actually present in the principal positive part of Ejy + i/ 2 (u). Therefore 
they can be easily absorbed by E N+l j 2 (u) due to the large constant in front of it. This fact 
however shows that the energy estimate (|6.3p is still incomplete, since we are going to need terms 
with different powers of /. On the other hand, we can perform inside the term S^(u) in the same 
substitution we did for <%n+i/2( u ) — i- e - write a 2 (t, x,£) = a 2 (0, x, £) + e 2 ^ 3 td 2 (t, x, £) — and we have 
trivially that 

£n{u) > E N {u) + [t 2 e 2 ' 3 A%\u) + iV/ 3 4?(u)) , 

where by t e 1/3 A${u) we denoted the fifth and sixth summand in the expression of <§n. 

Let us now consider the following identity, where A; is a positive integer and g denotes a smooth 
function in the same class as u: 

e- xt f- 2k 2Reg'g = d t (e~ Xt r 2k \g\ 2 ) + \e~ xt f~ 2 %\ 2 + 2ke~ Xt T^O? ■ 

This implies 

g -At /-2fc+y|2 > Q t L-Xt J-^ g f\ + Xe -Xt r 2A| 5 |2 + {2k _ 1)e -Xt /-2*-l|^p. 



Now, taking g = dtu, we have 

e- xt r 2k+1 \d 2 u\ 2 > d t (e- xt r 2k \dtu\ 2 ) + Xe~ xt f~ 2k \d t u\ 2 + (2k - l) e -* r^fou] 2 , (6.4) 
while, taking g = u, we get 

e- xt r 2k+1 \d t u\ 2 > 8 t (e- xt f- 2k \u\ 2 ) + \e~ xt f~ 2k \u\ 2 + (2k - l)e~ xt f-^u] 2 . (6.5) 
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From (|6.4p and (|6.5p above we obtain the following inequality 

e- M \\r k+ ^d 2 t u\\ 2 > d t (e- xt \\r k d t u\\ 2 ^ +Xe- xt \\f- k d t u\\ 2 

+(2k-2)e- xt \\r k -^d t u\\ 2 

+d t (e~ xt \\r k - 1 u\\ 2 ) + \e- xt \\r k -\f 

+(2k + l)e- xt \\f- k -luf. 

Choose now k = N + 1. We obtain 

e -Xt llr N-l d 2 u{l 2 > dt ^-Xty-N-l dtU ^ +Xe -Xty~N-l dMl 

+2Ne- xt \\f- N -ld t u\\ 2 
+d t (e- xt \\f- N - 2 u\\ 2 ) + Xe- xt \\r N - 2 u\\ 2 

+(2N + 3)e- xt \\r N -lu\\ 2 . 

We can rewrite (|6.3p as follows 



Atii f -N+ 



2e~ xt \\f 



^Vu\\ 2 > 8 t (e- xt S N {u)) + \e- xt E N (u) + 2Ne~ xt E N+l/2 {i 
+ t 2 e- x * [2N(e 2 ^A^ +1/2 (u) + ^Ag). 1/a (tt)) 

+ A( e 2 / 3 ^(.) +£ 1 /3^(3) ( ^ 



e- xt \\r N - 1 -d 2 u\\ 2 
19 



t 2 e -A^2|| r iV-l/2 a ^||2 



+ e Ai -Fj + lower order terms 



> ft r e - A *<rjv(«)) + \e~ xt E N {u) 



+ Ne~ 


At 




-JV- 








At | 




19 


+ e" Ai 


£ 



-iV- 



-iV-l/2 n //||2 + i tRe{r N-l/2 a e ul j-N 
6 



+ e A * S2 F j + e A * Gj + lower order terms, 
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where we introduced the notation 

6 



J2 g j = -\\r N Muf-mr N - x,2 aiuf 

+t 2 



2iv( e 2 / 3 ^ +1/2 (n) + e^A% l/2 {u)) (6.9) 

+ \(^A%\u) + e^A%\u)) 

Applying Proposition 16.11 we obtain 

Re{r N - 1/2 ^u'j- N -^u')>C x \\r N - 1 ^ (6.10) 
From (|6.5p we deduce that for k £ N U {0} , 

e- xt \\f- k+l 2d t u\\l > d t (e- A *||r fc u||f) + \e- xt \\r k u\\\ + (2k - l) e - A < 
Choosing k = N + 1 we obtain 

e-^lr^HI? > (e- At ||/- JV - 1 «||?) +Ae-^||/- JV -^[|f 

+(2N + l)e- Xt \\r N -lu\\l (6.11) 

This implies 

te- xt \\r N -^d t u\\l > ^(^iir^-^i^-e-^iir^iif+ae-^iir^-^ii? 

+(2N + l)te- xt \\f- N ~lu\\l (6.12) 

To treat the negative term in the right hand side, we apply the following lemma which will play a 
key role in the next section. 



Lemma 6.1. For t > and £ 6 W 1 we have 

1 



(0 



+ tf 2 >f. (6.13) 



Proof. The proof is a simple verification. In fact / 3 = f 2 t/3 + / 2 (£) 2 ^ 3 . The latter quantity is 
equal to f 2 t/3 + (£)~ 2 + |t(0" 4/3 + §(£>" 2/3 - It is clear that 



3 "\S/ 9 

2 



^r 4/3 + ^r 2/3 



_ 3 j 



and this accomplishes the proof. □ 
The above Lemma implies 

(0 2 r 2N - 2 < t(o 2 r 2N ~ 3 + r 2N ~\ 

llGIlCG 

-iir^iif+tiir^Nif^-iir^NiS 

so that ()6.12p can be rewritten as 

+2Nte- xt \\f- N -lu\\ 2 - Hr^-^nH 2 . (6.14) 
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Next, taking into account the inequalities (|6.7p . (|6.10p and (|6.14p . we get 
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l -e~ u \\r N - l l 2 u"f + Ue- Xt Re(/- JV - 1 /2 a | n / )/ -7V-i/2 u / ) 



6 



> 



^(e^lir^Vll^+Ae-^ll/ 



At ii t-N-l„>\\2 

u Ho 



+ 2Ne 



- xt \\r N *u'f+d t [e- xt »*- N - 2 ~-» 2 



ur n \+\e- xt \\r N - 2 u\\l 



+ (2N + 3-2d)e 



-Atn t-N- 



2U\ 



At || r-N- 



dt ( te- M \\f-"- l u\\i ) + Xte-^\\r N -'u\\i + 2Nte- M \\f 

xt 



2 u\ 



+ \Cit\\r N - l/2 u'\\l - \c 2 te 



-N-l/2 ,./||2 



(6.15) 



The last term on the right hand side can be absorbed for small t by the term Ae ||/ it' ||q since 
/V 2 < c. Also by using the calculus of pseudodifferential operators, Corollary 15,11 and Proposition 
16.11 we may write 



^Rea-^^aln'^-^-^^^^Re^z-iV-i/V^-^-^-CTatll/- 



iV-l/2 u /||2 



111/2 



>tRe(a|/ 



e f -jV-1/2^ y-iV-1/2,,/ 



V) - C7 4 t||/- 



-N-l/2 /||2 

" Ho- 



For small i we may absorb the term with C^t in front as we did above, taking A large. Eventually, 
modulo lower order terms which can be absorbed by terms with a large A in (I6.15P we have 

2|| f -Ar-l/2 a ^||2 =f 2|| a|/ -iV-l/2, ( ||2 



0- 



Therefore, using (j6. 15j) . we have for small t and large A the estimate 



Ne 



-At 



+Ne 



-At 



+Ne-* (^-\\r N - 1/2 u'% + 2 -tRe(r N - ll2 *iu\r N - 1/2 u') 

> d t (^\\r N -\'fo + ^\\r N - 2 u\\i + 1 crur*\\r»-Ml 
\\\r N - 1/2 uX + \t^ir N - l/ ^ 



N 



-At 



II/' 



-JV-3/2 



, 2 2iV + 3 - 2Ci 
llo+ 2JV 



llf 



-JV-5/2..M2 



-At|| f -JV— 3/2 i|2 



+ t NCl te- xt \\r N ~ l/2 u\\ 2 l 



+XNe 



-At 



-ur^ilg + ^iir^-viig + |c 1 t[i/-^- i «n? 



(6.16) 



Here in the last two terms on the right hand side we replaced A by A/2 to take into account the 
terms than have been absorbed with large A. 
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Finally, we obtain the energy estimate 



+je-^\\r N -M 2 o + j^te-^Wf-^uWl) + Xe-^E N (u) 



+Ne~ xt 



N2 - m \\\r N - 3/2 u'\\i + 2N + *~ 2Cl \\r N - b/2 uf + 20^-^1-*-^ 

A NCl te- xt \\r N - 1/2 u\\i 

-we-*\ ±\\r N - l u'\\i + \\\r N -Ml + ^tur^uii! 
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+e~ xt ^2 F i + e ~ M ^2 G 3 + lower order terms. (6.17) 

i=i i=i 



Note that the Fj have been defined in (|6. 1 1) . while the Gj are defined in (|6.9p . 

7. Estimate of the error terms in the energy inequality 

The last line of (I6.17P contains two sums grouping the "error" terms that must be dominated 
with the other positive terms. We name them according to (16. 9ft and (16. ip . We point out that the 
last couple of the first group of terms are just those associated to the lower order terms containing 
pure second order x-derivatives and did not play any role up to now. The terms F%, F 2 , F3, Fig, F19 
contain the main contributions. It is convenient for the terms Fi,F 2 ,F^ to write a 2 (t,x,£) = 
a|(0, x,£) + te 2 / 3 a 2 (t, x,£) and to replace the operator a|(i, x, D x ) by the operator a| with symbol 

a|(0, x,£). This will add a few terms similar to te 2 ^ 5 A^\u) but now we do not have a large 
coefficient A as in G5 and Gq. Consequently, we have to deal with lower order terms which can 
only be treated choosing e small, much in the same way as we treat G3 . . . Gq below in this section. 
Next, using the calculus of pseudodifferential operators we write 

- 2 -[Re{r 2N *lu\u') +Re(r 2N a £ 2 u,u") + t\\f- N a%u\\ 2 ] 

3 3 

= -|[lte(a!/-^/-"«H 

3=1 3=1 

The terms Aj,j = 1,2,3 contain commutators and hence lower order operators. Thus they are 
easily treated. For example, 

i^il = l\Re(([r N ^]f N )r N u',r N u')\ < M 1 ||/- J vn? /a 

since [f~ N 9^\f is a first order operator according to Corollary 5.1. Next, by Lemma 6.1 we have 

(or 2N < m 2 r 2N + D S r 2N < wtfr™- 1 + *r 2N -" + n s r 2N (7.1) 

where Dg denotes a suitable constant, large when 5 is small. We obtain 

M 1 \\r N u'\\\ /2 < M 1 5t\\r N -V 2 u'f 1 + M 1 6\\r N -V 2 U '\\ 2 o + M 1 D s \\r N u'\\ 2 . 



\A 2 \<s\\r N u \\i + ^\\r N u"\\i 
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For small 5 the first term on the right hand side can be absorbed by §JVCii||/- JV - 1 /V||? , while the 
second one can be absorbed by ^-j-\\f~ N ~ 3 ^ 2 u'\\Q in (|6.17p . The last term can be absorbed choosing 
A large by j 2 \N\\f~ N ~ 1 u'\\Q. For A 2 we apply the inequality 

71 

The term |||/ ^i/'Hg can be absorbed by \En(u) taking A large. For 5\\f N u\\f we apply an 
argument similar to that used above. Finally, to deal with A3 we observe that \A%\ < M3t\\f~ N u\\f 
and this term can be easily absorbed by ^AA^Cit||/ _Ar_1 ti||f . Notice that for the terms ^1,^2,^3 
it is not necessary to choose N large. 

For the analysis of the terms F X q and F X g we apply a similar procedure. First we write 
b e 2 (t,x,£) = b e 2 (0,x,£) +te 2 / 3 b e 2 (t,x,0- The ter ms with the factor te 2 / 3 are similar to te 2 ^ 3 A^\u) 
and can be treated choosing e small. We are going to do this below for te 2 / 3 A^\u). To keep the 
notation simple we denote by b| the operator with symbol b 2 (0,x,^). The modified terms F x $, F X g 
will be denoted by Fi8)-^i9- 

7.1. Analysis of the term F x . We have 

e~ xt F x = —e-^Rei^f^dtuJ^dtu). 
According to Lemma 6.1, we have the inequality 

ai(0,x,0 < taKO.x.O/" 1 +a (0,x,Or 3 , (7.2) 
where «o = Q2 |^'^ . Now we take from (|6.17p the term 

H x = |tRe(a|/-^- 1 /^ Uj /-^-V2^ tU ) = l t Re(af r^ 1 ^, f- N d t u) 
+^Re(/ 1 /2[ r i/2 5a | ]r iV-i/2 atni/ -A.-i/2^ n) = &i + Ri 
By the calculus of pseudodifferential operators / 1//2 [/ -1 / 2 , a|] is a first order operator and we have 

\Ri\ < c & t\\r N - 1/2 d t u\\\ /2 < c & 5t\\r N - l/2 d t u\\ 2 + c & tD S \\r N - l/2 d t u\\ 2 . 

For small 5 we may absorb the term with coefficient C^5t without choosing N large, while the 
second term with C^tDs can be absorbed for small t or large A. Thus we must study 

e- x \F x + H x ) = V At Repair 1 - ^)f- N d t u, f' N d t u). 

We observe that ta 2 (0, x, is a symbol in S((£,} 2 , g £ ), since i/ -1 is a symbol of order 0. Also, 

ao/ -3 £ S((^) 2 , g e ). By using (|7.2p and the sharp Garding inequality, we get 

\ Repair 1 - a| + a r 3 )r N d tU , r N d t u) > -c \\r N d tU \\i /2 , 



hence 



e-**^ + Hx) > -e- xt C \\r N d t u\\l /2 ~ A^r"^*^, 



where Co > and A\ > depend on a|(0, x,£) and we have used the fact that f 3 ^ 2 aof~ 3 ^ 2 is a 
zero order operator. The first term on the right hand side can be treated as above exploiting (|7.ip . 
the second one can be absorbed by ^N 2 e~ xt \\f~ N ~ 3 / 2 u'\\l in (16.171) . 
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7.2. Analysis of the term F 3 . We have 

h = ~tRe((a.l) 2 r N U ,r N u)+R 3 , 

where \R 3 \ < C 7 t\\f- N 1* 1 1 3 ^2 an d ( a |) 2 denotes a pseudodifferential operator with symbol 
(a £ 2 ) 2 (0,x,£). We multiply (JL2]) by af(0,x,£) and we get 

(af ) 2 < mfr 1 + a|a /- 3 . 

Consider again the term H\. Then 

e- xt (F 3 + H 1 ) = ^e- A *iRe((t(al) 2 /- 1 - (a £ 2 ) 2 ) /"V /" N u) + e~ xt R 3 . 
We apply once more the sharp Garding inequality, using (17, 2p . and we deduce 
e- At (F 3 + H X ) > -C,e- x H\\r N u\\l /2 - A^Hy^'Ml 

where the contribution from e~ xt R 3 has been included in the term with the coefficient C3 in front. 
On the other hand, 

m 3 r 2N < t 2 (o 3 r 2N ~ l + no r 2N - 3 < ^ 2 <o 4 r 2N ~ l + m 2 r 2N ~ 3 + Qst 2 r 2N -\ (7.3) 

Consequently, 

e~ Xt (F 3 + H X ) > -C,5t 2 e- xt \\r N - l/2 u\\ 2 2 - t(A 3 + C 3 )e- Xt \\f- N ~ 3 / 2 n\\ 2 

-C 3 Qst 2 e- xt \\r N - 1/2 u\\l 

The first term on the right hand side can be absorbed by the term y Hal/ - ^ -1 / 2 ?^ 2 ) in (|6.17p 
choosing 5 small and exploiting the ellipticity of a|. The second one can be absorbed by ^N 2 C\e~ xt 
\\f~ N ~ 3 ^ 2 u\\ 2 taking t small depending on ^3 and C 3 . Finally, the third term can be absorbed by 
^\Ne~ xt \\f~ N ~ 2 u\\Q taking A large or t small. We conclude that to absorb the term F 3 we don't 
need to choose N in a special way and this is natural since in F 3 we have a coefficient t. 

7.3. Analysis of F 2 + Fi$. We have 

F 2 + F 1S = -^Re(/- 27V a|n,n") +2Im(r 2Ar b|u,n") = 2 lm(f- 2N (-±ia£ + b|)t*, u") 

= 2 Im((-^af + hl)f- N+1/2 u, r N - l/2 u") + Jfe. 

Here 

i? 2 = 2Im({rV 2 ( [r ^V2 )( _l ia| + ^ )]/ iV-i^ / i/2j r ^ )r ^ ) 

and it is easy to absorb this term since the operator |/ _1 ^ 2 ^...^ / x ^ 2 | is a first order order pseu- 
dodifferential operator. Thus R2 can be absorbed exactly in the same way as we did above for 
A 2 . 

It is important to note that the subprincipal symbol of the operator V for t = r = has the 
form 

p' 2 (0, x, £) = -|al(0, x, £) + 61(0, x, £). 
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Thus 



-ia\ (0,x,£) + &KO,s,0 



1- P^(0.g,0 

6* 4(0, x,o 



af(0,x,£). 



Let us introduce the number 



1 



IT = — h max 

3 xet/,|£|=l 



P2 (0,X,0 



a|(0,x,£) 

Here C/ C M n is the open set in the space variables where we are studying the Cauchy problem. 
Without loss of generality we may assume that the symbols a 2 and b 2 are homogeneous of order 2 
with respect to £ (otherwise we must take the max over £ E R n ). Thus we have 



< 2 



F 2 +F 1S \ <2 
1 . P2 



1 



l m ([_ -ia| + b|]/- 



+ 1^2 



Im( -i + £^(0,x,L» a; ) o|(0,x, £)«)/• 



-N+1/2 



-N-l/2 u ,, 



+ |i2 2 | + 1^3 



(l + a)V3II 



P2 



i + £^(0,a:,Z) s ) a|(0,x, 



-JV+1/2 



6 



+(1 + ajVsnilz-^-vvilg + |i? 2 | + 1^31 

with < a < 1/2. Here R3 has a similar form as i? 2 and it appear since in the product of the 
operators 

1 



P2 



i + Z£(0,x,D x ) a £ 2 (0,x,D x ) 



the principal term has symbol given by the product of symbols and we must take into account lower 
term given by a first order operator. 



In the analysis below we omit the terms i? 2 and R3 since they can be estimated as speci- 
fied above. We choose N = 3\f3H + iVo, where the integer Nq > 1 is independent of n and 
will be chosen later. The term above involving u" can be absorbed by the corresponding term 



It remains to study the first term on the right hand side. 



Let x S C°°(M n ) be a function such that < x( x ) — 1; x( x ) = f° r \ x \ < 1 an d x( x ) = 1 f° r 
|x| > 2. We write 

af(0,x,£) = x(0)a £ 2 (O,x,O + (1 - X (^)K 2 (0, x, £) 

with 5 > 0. The operator with symbol (1 — x(£^)) a 2(0, x i * s smoothing and the analysis of the 
corresponding term is covered by using the argument for lower order terms. On the other hand, 
the norm in C{L 2 {U)) of zero order operator 



li + El(0, x ,D x )] X (DJ) 
L6 a\ J 



(7.4) 



is not greater than n if S is chosen small enough depending on the symbols a 2 and p' 2 (see Theorem 
18.1.15 in Hormander, [6].) 

We are going to study the term 

" " ■ --.<■>..■, 11 r Bfi ((a|) 2 (0 > x > 2? ai )/-^ 1 / 2 ti,/-^+ 1 / 2 u> + |B8| 



|al/ 



-N+l/2 i|2 



1 



a 



(7.5) 
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where \B 3 \ < C 6 ||/" 

at+i/2^||2^ an( ^ ^2)^(0, x, D x ) means Op((a|) 2 ). We have the inequality 

(af) 2 < i(al) 2 /" 1 + a £ 2 a f' 3 < i 2 /" 1 ^) 2 /" 1 + 2tf- 2 a £ 2 a f- 2 + r 3 a 2 f- ? >. 
We can apply the sharp Garding equality and we estimate 

-Re((al) 2 r^ 1 / 2n)r ^i/2 n) _ m > -^ Re((al) 2 r Ar-i/ 2 ^ r iV-i/2 u) 

-2tM°oazr N - 3/2 u ,r N - 3/2 u) - A 2 \\r N -" /2 u\\l - mir N+1/2 u\\i/2 

> -t 2 \\ a y- N -^ u f - 2me(aoal/-^- 3 /V/-^ 3 /\)-A 2 ||r^ 5 / 2 n|| 2 

-Y 2 \\r N+1/2 u\\i /2 = jzT 3 . 

3=1 

Here we have used the fact that 

t 2 ReUai) 2 /-^ 2 ., r N ~ 1/2 u) = t 2 \\*y- N -V 2 u\\l + B 4 , 

where \B^\ < ^44t 2 ||/ _Ar_1//2 ti|| 2 ^ 2 . Since t 2 f~ 2 < 9, we included the term B4 in the above sum 
taking Y 2 >Y\. Notice that Y\,Y 2 depend only on the symbol a|(0,x,£). 

It is convenient to transform the term 1^. For this purpose we use the inequality 

(0 3 r 2N+1 < m 3 r 2N + (or 2N ~ 2 < Wr 2 ^- 1 + mr 2N ~ 3 + (o 2 r 2N - 2 
< s^io 4 /-™- 1 + D 5l t 2 r 2N - 1 + 2t(o 2 r 2N ~ 3 + r 2N ~ 5 . 

Thus 

\\r N+1/ Ml /2 < ht 2 \\r N - 1/2 u\\i + 2t\\ r N - 3/2 u\\ 2 + wr^'M 2 + D 5l t 2 \\r N - 1/2 Al 

< SrCh^lf-^Ml + 2t\\f- N - 3/2 u\\ 2 + HZ" ^ 5 / 2 u|| 2 + D^Wf'^'Ml 

We take 5\ > small enough so that S\C 2 Y 2 < S < a and we couple the term with the factor t 2 
with that also involving t 2 in Ti. Next we fix 5\ and for small t we have D' s Y 2 t 2 \\f~ N _1 / 2 it||g < 
|| j-A r -5/2 n ||2 > ^ gum fois term with 1^3. Consequently, we get 

X> > -(l + ^ 2 ||air^^||2_ 2t(Ca2+y2) || r 7V-3/2 u ||2 (76) 
3=1 

-{A 2 + 2Y 2 )\\r N - b/2 u\\l 
3 

3=1 

Here we have used that 

Re(afr^ 3 /Vr^- 3 / 2 u> < a 2 ||/-^ 3 / 2 U || 2 
and the constant C a2 depends on a|(0,x,^), while A3 = \\(Xo(0, x, Ar)||L 2 (c/)->-L 2 ([/) - 

Now our next task is to absorb the sum 

TT 3 

11 z . 
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To treat "^ Zi, we exploit the fraction f * 2 1 1 a| /^^^ 1/ ' 2 ^l I o of the term f * 2 |l a 2.f _Ar ~ lA2u llo in 
(16171) . Thus we get 

(l + a)V3 9/ 11 2 ^ 110 9 11 2J 110 

since < 5 < a. 

To handle Zo, we must absorb - (1+ " )v ^ 2t(C a2 + y 2 )e~ Af [|/-JV-3/2^||2 _ For thig 

purpose we use 

the term with i||/ _Ar_3 ^ 2 '^||x in (|6.17p and the inequality 

^ 2 >7 ^(C7 a2 + y 2 ). 

(1 + a) 

Since N > 3\/3H, this is possible choosing N so that 3NC\ > -nq~7p ■ Notice that the constants 
Ci, C a2 and Y2 depend only on the symbols of 02(0, x, £). 

For Z3 we use the corresponding term in (|6.17j) and we choose N large to arrange 

ljV( 2 jV + 3 - 2d) > -j^-AAs + 2Y 2 ). 
2 (1 + a) 

Finally we conclude that to deal with the terms Fi, F2, F%, Fig, it suffices to take N = Sy/311+NQ 
with a constant Nq depending only on the symbol 02(0, x, £). Moreover, in (16. f 7|) we have exploited 
only one third of the term involving t 2 and we still have 

2 -ft 2 e-^r N -^ u \\l + ^e^\\r N ~ 1/2 dMl 

available for further use. 

7.4. Analysis of F\g. We have 



and we get 



F 19 = ^Im(/- 2Ar b|n,a|n) 



F19 = ^Im(r 27V (bl-^a|) U ,aln) + ime(r 2iV a| U ,a e 2U ) 

= im(4(o, X , D x ) a y- N+1/ \ *\r N - l/2 u) 

6 a 2 

+UMr N u \\ 2 + R 4 



;F 19 + ^||a|r 7V n|| 2 + J R 4 , 



= -Hig + —J 
3 3 

where R4 contains lower order terms which can be treated as above. We must deal with the term 
fri/ig. Using the notation of the preceding subsection and arguing as we did for the operator on 
(|7.4p . modulo easy-to-estimate errors we have 

2 fT -> n Ha £ f--^+ 1 /2„||2 ^ n + 2ii„e j— JV-l/2,,i|2 

-^19 > ||a 2 J 1 n|| — t ||a 2 / 1 u\\ . 

o /i y 

We choose \i = 3(\/3 — \/2 — 5) > 0, where < 5 < 1/2 is the constant in the previous subsection 
we apply to the first term above the same argument we did for (17.5f) leading to (17. 6\\ . 
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To absorb the term with a factor t 2 , we take into account the term with the factor t 2 that we 
have available, as specified at the end of section 7.3, the term with — (1 + 5)t 2 in Z\ multiplied by 
— and term with coefficient ^-t 2 in the last estimate for Hig. Since |iV = ^pll + |iVo, summing 
all terms involving t 2 n||a2/ _JV_1//2 tt||o, we get 



t 2 



3 n 9J 11 2J 110 



The analysis of other terms in (|T.6j) multiplied by ~ i s the same and we must increase only Nq if 



it is necessary. Thus the term Fig can be absorbed. We should mention that after the analysis of 
F2, Fig and Fig we have in our disposition the positive terms 

^Ma!/-"- 1 /^^ (7.7) 

7.5. Analysis of F4, F§,G\ and G 2 - We have 

F 4 + F 5 = 2Re(r N u",f~ N (taf + a £ i)u) = 2Re(/~ JV u", Pif~ N u) 

with a first order operator j3\. Thus 

e~ Xt \F A + F 5 | < 8- 1 e- xt \\r N u"\\l + C,5e' xt \\r N u\\ 2 . 

The first term on the right can be absorbed by Xe^ xt Ej^(u) taking A large, while the second one 
can be absorbed by N^\e~ xt ||/~ iV ~ 1 ii||i choosing also A large. The term Gi can be absorbed by 
Xe- xt E N (u), while G 2 can absorbed by the positive term involving t 2 in (|7.7p and other positive 
terms in (|6.17p . 

Now it remains to treat the terms which have coefficient e 1 / 3 or e 2 / 3 . 

7.6. Analysis of Gj, j = 3, ...,6. The term G 3 = 2Nte 2 / 3 A$ +l/2 (u) is a sum of terms. They can 
be estimated following our previous arguments but we have an advantage since we have a factor 
te 2 / 3 . Consider a typical term 

U = 2Nte 2/3 Re(/- 2Ar - 1 5|u,u"). 
We have modulo lower order terms 



^l^iv^fiir^/viig + t 2 ^!!/- 



and we may absorb this term by (|7.7p taking e small to arrange Ne 2 ' 3 < 1 , Ne 2 / z C a2 < 1 and N 
large if it necessary. Let us consider the term 

L 3 = 2Nt 2 e 2 / 3 Re(r 2N - 1 d £ 2 u',u'). 

Modulo lower order terms we have 

\L,\<Nt 2 e 2 l 3 C a2 \\r N - l/2 u'\\ 2 

and this can be absorbed taking Ne 2 ^C a2 < 1 and t small. 



Now we pass to G4 and we consider a typical term 

v— , 

a 3 u,u : 



I.r, 2A7 2 : ; ;i 2In,:/ 2V ' 
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Modulo lower order term appearing when we commute a| and f~ N ~ 1 ^ 2 , we must absorb 

-2iVe 1 /3 ^3|| r iV-l/2 u ||2 + t||r iV-l/2 u ||2 

The second term term can be absorbed by ^\NCit\\f~ N ~ l u\\\ taking e small or A large. The first 
one can be absorbed by (17. 7ft taking e small or t small. The analysis of 



L 6 = -^Nt 2 e l ^2\ia{f- 2N ^a\a e 2 u,u') 



is completely similar since we have a third order operator afa|. In this way we may treat all other 



terms in Gj. 



7.7. Analysis of Fq and F-j. We have 



^6 = - 2 -e 2, h 2 Re(r 2N {d t al)u,alu). 



We have to estimate 



_ e 2/3 



5c 8 t 2 \\r N u \\ 2 + 5-H 2 \\ay- N u\\ 



To do this we take 5 small to arrange 5Cs < 1 and next we exploit the terms in \En(u) with t 2 
choosing A large et e petit. 

On the other hand, 

F 7 = e l 'h 2Re(r 2N a £ u",u") 

= 2eVH Re((a e + [f~ N , ag]/^) f^ u "J~ N u") 
= 2e 1 /hRe(^r N n",r N n"}, 

with a suitable symbol /3q of order zero. We then immediately get 

e- At |F 6 | < C F6 e 2 / 3 te- xt \\r N u"\\ 2 , 

which is absorbed directly by the second time derivative in e~ xt \E^{u). 

The analysis of other Fj terms is simpler since we have t or t 2 , powers of e and no factor N. 
Taking e small we may absorb all these terms. Since the analysis is quite similar to that exposed 
above, we leave the details to the reader. This completes the estimate of the errors. 



As a consequence (16.170 can be rewritten as a true energy estimate as 
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e- xt \\r N ^Vuf > d t (e-*g N {u) + ^e'^Wr^Al 
+je- Xt \\f- N - 2 u\\l + jC.te-^Wf-^uWl) + XK ie ^E N (u) 



+K 2 e 



-xt 



\\r N - l/2 u'% + t\\r N - l/2 A\\ +A\r N - ll M\l 



+N 2 K 3 e~ xt 



[ir^viig + iir^uiig+te-^H/ 



At Nf -iV-3/2 n ||2 



+XNK A e 



-xt 



-N-l„./\\2 



-N-2„,\\2 



u\\o + t\ 



-N-l„.\\2 



III 



i r> 



(7.8) 



where Kj, j = 1, ...,4, are suitable positive constants independent of A and N. 



7.8. Estimates of the terms on the boundary s = T. Assume that < s < T < 1 and 
u = Dtu = D 2 u = when t = s. We integrate in (j7.8f) from t to T with respect to s. As a result 
we obtain integrals J. (...)ds and for s = T the following boundary terms 



-AT 



v((u(T, .)) + lNe-* T \\r N -%u(T, .)||g + iiVe-^||/-^\(T, .)||g 



+ >Cie- AT ||r iV - 1 n(T,.)ll?- 



(7.9) 



Recall that the argument of the previous section yields 

£ N (u(T, .) > E N {u) + Te^A^KT, .)) + T 2 e 2 ^A%\u{T, .)). 
It is clear that (T/3 + (0 _2/3 ) _Ar < c 2 (T/3 + (£)-2/3)-iV-l with C2 > independent on £ and T. 



Thus taking e small we may absorb the negative terms in (|7.9p by E^{u) and the terms in (j7.9|) 
having in their coefficients N and C\N. 

Finally, the contribution of the boundary terms is bounded from below by a positive constant 
and we may negligee them. 



We use the inequalities 

r 1 



8. A PRIORI ESTIMATE 



(1 + 1^)1/3 < ^ 



t(i + iei 2 ) 1/3 + i " i+* 

f" 1 > — , < t < T< 1. 

Therefore from (j7.8|) and the analysis in the Section 7 we deduce for A > Ao the estimate 
cT 2 1 



-As-27V log(l 



1+s) £ s 2- fc|| ^ n(S; + ^ n^ (S) U 



fc=0 



fc=0 



< C y e -^-27Vlog(l+ S ) (1 + s )||p n ( S; .) 



l(2JV/3-l/3) 
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where ||.||( m ) is the Hi m \ norm in M n for fixed m. Thus we get 

A / T e- As - 2Ar(1+s) (E s 2 - k \\d*u(s, .)f {2 _ k) + -)\\ 2 {l . k) )ds 

Jt k=0 k=0 

< Co ^ T e -A-27Vlog(l +S ) (1 + s) | |pu(S) .)||2 2jV/3 _ 1/3)ds . ( 8 .2) 

Remark 8.1. It is not useful to use the estimate f^ 1 < j to bound the term \\f~ N+1 ^ 2 'Pu\\ 2 in 
\7.8\j . // we did then, in 18. we would have the integral 

[ e- As ^v3Tll^( S ,.)||? 0) ^ 

and as t — > this would produce no uniform estimates with respect to t > 0. 

Remark 8.2. It is possible to apply, on the left hand side of the estimate 

e -As-7Vlog(l+ S ) > g -2A S) o < s < T 

by choosing A > N > since for such A we have As — A r log(l + s) > 0. 

To estimate the high order derivatives with respect to x, consider the operator (1 + \D x \ 2 )2 p = 
A p , p > and write 

A p Pu = D'f{A p u) -t(a 2 + [A p , a 2 ]A p 1 ^j D t (Apu) + (b 2 + [A p , b 2 ]A p x ) (A p u) 

+t(ai + [Ap^ijA-^D^Apu) + .... 

Moreover, we observe that the "perturbations" [A p ,a2]A~ 1 , [A p ,b2]A~ 1 , [A^aiJA" 1 have order 
lower than the terms a 2 ,b 2 and a\, respectively. Then v = A p u satisfies an equation of the type 
studied above and, moreover, (D 2 v)(t,x) = (Dtv)(t,x) = v(t,x) = 0. Going back to the differential 
operator P, we get the following 

Theorem 8.1. Assume that (D 2 u)(t, x) = (D t u)(t,x) = u(t,x) = and let < t < s < T with 
a small T > 0. Then for every pel there exist A p and a constant C p so that for A > A p , N = 
3\/3n + N and u G C 3O (M n+1 ) we have the estimate 

A /"^ e~ As — 27V1 °sCi-+-^) ^ll^'-^C-s, -) 11(2— ^ II^^Cs, -) II (i— 

Jt k=0 k=0 

< a p ^e- As - 2 ^ lo s(i+-)(i + s )||^( s ,.)||2 2 ^ /3 i/3+j3)ds . (8 . 3) 

Next we discuss the estimates for functions u(t, x) satisfying the boundary conditions D 2 u(T, x) 
= D t u(T, x) = u(T, x) = for T > 0. To do this, we proceed along the same lines as above. We 
apply to Vu the operator e xt f 2N (t, D x ) and consider 

2 lm{e xt f 2N (t, D x )Vu, Mu). 

Notice that we have changed —A to A, f~ 2N to f 2N and we have a + sign in front of the scalar 
product. We then handle the terms in the same way as we did in Sections 5-8. For example, 

21m-(e xt f 2N dfu,d 2 u) = -2Re(e xt f 2N d?u,d 2 u) 
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-d t (e Xt \\f N dt u2 



d'fuf ) + 2Ne xt \\f N d 2 u\\ 2 + \^\\f N -^uf. 



Thus we obtain an analog of (16. 1TH in the form 



e 
N 



N 



^Vuf > d t [ e~ M g- N {u) + ^-e^Hr^-Vllg 



JV 



+-e"\\r-u\\i + '-C 1 te 



At n yJV-l„.||2 



u\\{ ) + Ae~ At £_Ar(u) 



+Ne xt 
N 2 



fiWf-WuX + ltM*lf N - 1/2 u',f N - 1/2 u>) + ^llair^ullg 
< N - 3/2 u>\\l + 2N+ 2~ 2Cl \\f N - 5/ M 2 + 2C l te- xt \\f N - 3/ Ml 



+-NC l te xt \\r N - l/2 u'\\l 
3 



-AiVe 



At 



^\\f N - 1 Al + \\\f N - 2 Al + \ct\\f N -M\l 

19 6 



+e xt ^2 F j + eA * G 'i + lower order terms > ( 8 - 4 ) 

3=1 3=1 

where G'j, Fj are obtained from the corresponding terms Gj, Fj changing N by —N. We repeat 
the argument of the previous sections and we integrate with respect to s from t to T, assuming 
< t < T < 1. Thus we obtain an a priori estimate involving the "weights" f 2N ~ k , —1 < k < 5/2. 

On the other hand, 

f2N+i<( t + 1 ym+i } < t<T <l, 

/2iV > (1 + t )2iV (1 + |^|2 ) -2iV/3_ 

Consequently, for A > Aq > 0, we deduce 



\s+2N lo; 



g(1+s) (y> s 2- fc ||^ n(S) .)f ) + £ \\^U(S, .)\\ 2 iMN /3) 



k=0 



ds 



k=0 



< C J e A^log(l +s)(1 + s) | MSj .)||2 o)dfl> (8 . 5) 

Finally, we may make a shift in the Sobolev indices for this estimate and consider ||.||( p ) norms. 
Thus we eventually obtain the following 

Theorem 8.2. Assume that (D 2 u)(T,x) = (D t u)(T,x) = u(T,x) = and let < t < s < T with 
a small T > 0. Then for every pGl there exist A p and a constant C p so that for A > A p , N = 
3\/3n + N and u £ C^(R n+1 ) we have the estimate 



T 2 
A I g As+2iVlog(l+ S ) 

^ k=0 



2-fen ak 



k=0 

T 



ds 



<C P / e As+2Jvl ^ 1+s )(l + S )||Pn(,,.)||2 2iV/ 3 +p)( i S . 



(8.6) 
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For the local uniqueness result it is more convenient to have estimates for the operator V* , the 
adjoint to V. We have 

V* = Dfu + ta\D 2 — ta^Dt + t 2 a^ + 62 + ia>2 + ^2 + lower order terms, 

where 02 is a second order operator with respect to x. The subprincipal symbol of V* for t = r = 
has the form 

^a 2 (0, x, £) + 6 2 (0, x, = ^(0, x, £). 

Thus the number II* corresponding to V* coincides with IT and Theorems 8.1 and 8.2 hold for the 
operator V* changing, if it is necessary, A p and C p . 

Applying Theorems 8.1 for P and Theorem 8.2 for P* , we can establish an existence and 
uniqueness results for the Cauchy problem in {(t, x) : < t < T, x G U with sufficiently small 
T. To fix the notations, we say that / G H l ,™JG) if ipf G H {qiS) (G) for all ip G C§°(R n+l ) and 

\\g\\ 2 iq ,s) = (2vr)-(™ +1 ) J (I + |t| 2 )*(1 + Z\ 2 ) s \g(T,0\ 2 dTda < 00. 

Since P is strictly hyperbolic for < t < T, we may repeat with minor modifications the proof of 
Theorem 23.4.5 in [6j to obtain the following 

Theorem 8.3. Let P be a differential operators with C°° coefficients in G = [0, T] x U satisfying 
the hypothesis (Hq) — (H2) and let Y CC U. For T sufficiently small and for f G H l ^ c s ^(G) having 

support in G one can find an unique u G ^(2 6 s +2-2Af/3)(^) w ^ su PP or t ™ G so that Pu = f in 
(0,T)xY. 

We leave the details to the reader. 

In conclusion the conjecture for strongly hyperbolic operators with triple characteristics is true 
for operators satisfying (Hq) — {H2). 

It is an open problem to study effectively hyperbolic operators having triple characteristics only 
at some points on the hyperplane t = 0. For this purpose probably some microlocal models should 
be examined and furthermore one should construct a more sophisticated "time function" possibly 
related to the microlocal form of the operator, as in |13j . On the other hand, finding a microlocal 
form for the discriminant A of the cubic equation ps(t, x,t, £) = in a neighborhood of a triple 
characteristic point is without any doubt a major difficulty. 
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